In this paper we analyze the relationship between (adult) mortality and the long-run development of countries from an empirical and theoretical perspective. A quantitative exploration of the model shows that improvements in adult survival rates alone bring an economy towards a Malthusian regime in the long run, while a transition from a Malthusian to a modern regime requires substantial advances in technological progress.
INTRODUCTION

Introduction
The aim of this paper is to discuss the relationship between (adult) mortality and the long-run development of countries from an empirical and theoretical perspective.
Empirical evidence points to a general upward trend in life expectancy at birth and adult survival rate (an inverse proxy of mortality) of countries, and to a positive correlation between these two variables and income, but with some notable exceptions: i) the null (negative) correlation for most western countries in recent years; ii) a negative correlation for the same countries at the end of the nineteenth century; and iii) always a negative correlation for some very poor countries after the second world war. Another remarkable fact is the strong convergence in life expectancy at birth and adult survival rate among countries after 1950/1960 (see Livi-Bacci (2001) ).
From the theoretical point of view, literature on the relationship between mortality and income is very broad and increasing all the time. A first strand of literature investigates the causes of mortality decline in western countries; scholars can be divided into two main groups: the first attributes the observed mortality decline mainly to income growth via better nutrition (McKeown, 1976) ; the second emphasizes the role of public health and sanitary intervention (Easterlin, 2004) . A second strand of literature explores various channels through which mortality decline affects income: i) increasing labor productivity due to better health (Fogel, 2004) ; ii) providing higher incentives to the accumulation of physical and human capital Sunde, 2005) ; but also iii) decreasing the resources devoted to factor accumulation due to higher consumption by older (unproductive) generations (Zhang et al., 2003) ; and iv) imposing a higher demographic pressure on resources (Acemoglu and Johnson (2007) ).
To clarify the mechanics linking mortality and income we propose a theoretical model in the spirit of the Unified Growth Theory proposed by Galor (2005) , augmented by the presence of adult mortality, physical capital accumulation, and with two technologies: a traditional one, using unskilled labour and land, and a modern one, using physical and human capital.
The focus on adult mortality is justified by the intuition that many of the channels discussed above mainly refer to this variable. The introduction of physical capital accumulation and of two technologies instead aims to match the structural changes and the related demographic phenomena (i.e. decline in fertility rate and the increase in population size) displayed along the transition to modern economic growth of many countries. In the theoretical model an increase in adult survival has two opposing effects on transfer to offspring: a negative effect because it raises the lifetime consumption of the parents and a positive effect because it increases parental income (via an increase in their labor income). The dynamic is characterized by three different regimes: (i) a Malthusian regime, where output is produced only with traditional technology and income is checked by fertility rate; (ii) a pre-modern regime, where an increasing share of aggregate output is produced in an industrial sector with only physical capital; and, finally, (iii) a modern regime where both physical and human capital are used in the industrial sector.
A quantitative exploration of the model highlights that improvements in adult survival rates alone bring an economy towards a Malthusian regime in the long run, while a transition from a Malthusian to a modern regime requires substantial advances in technological progress.
Limited gains in technological progress associated with a strong decline in adult mortality can produce a sort of "false" take-off, i.e. an economy passed from a Malthusian to a pre-modern regime can be pushed back by the increasing demographic pressures (which are not contrasted by sufficiently high improvements in technological progress).
The paper is organized as follows: Section 2 discusses some stylized facts on mortality and income of countries; Section 3 reviews the related literature; Section 4 introduces the theoretical model; Section 5 presents a quantitative exploration of the model; and Section 6 concludes.
Stylized Facts on Mortality and Income
This section is devoted to discuss some remarkable historical consistencies revealed by empirical investigations. In particular, as regards mortality and income, the following "stylized facts" emerge:
1. Since 1870 for most western countries there exists an upward, continuous and sustained trend in life expectancy (at birth) and adult survival rate (see, e.g., Easterlin, 2004, p. 84). 3. Since 1870 differences in life expectancy and adult survival among most of western countries have been strongly declining (see, e.g., Livi-Bacci, 2001, p. 125) .
1 World Bank adopts as definition of adult survival rate the probability of surviving from 15 to 60 years; here we will use this expression in a broader sense, i.e. the probability that an individual actually in her childhood survives to the end of her adulthood. Below, we motivate in details these stylized facts. Fig. 1 shows the time series of life expectancy for a sample of 17 countries and of a proxy of adult survival rate for a more restricted sample of 11 countries 2 (the restriction of sample size derives from the lack of data on infant mortality).
Long-run Trends in Life Expectancy and Adult Survival Rate
3
The time paths of life expectancy and adult survival rate look very similar (see Fig. 1 ). The maximum level of life expectancy and adult survival rate follow an upward trend for the whole period, albeit with large fluctuations at least until the 1920s; from 1920 to 1940 both grew at increasing rates, while from 1940 to 1960 at decreasing rates, to finally follow a linear trend. The dynamics of the minimum level of life expectancy and adult survival rate, in particular of their swings, signals the change in mortality regimes. Before 1940 it was still possible to observe sudden drops in life expectancy followed by marked increments; after 1940 the emergence in 2 See Appendix A for the country list.
3 The infant mortality rate is the number of deaths of infants under one year old per 1,000 live births. The proxy of adult survival rate is calculated by "filtering out" the impact of infant mortality from life expectancy at birth. In particular, assuming that the maximum length of life is 100 years, 1 − π is the infant mortality rate, p the child and adult survival probability, then life expectancy at birth is given by:
from which the child and adult survival rate:
We use p as a proxy for the adult survival rate. all countries of the sample of the "new knowledge of disease and new technologies of disease control" (Easterlin, 2004, p.101 Around 1870 there is a very weak correlation between life expectancy and GDP per capita (see Fig. 2 (a) and Table 1) ; from 1900 to 1955 life expectancy and GDP per capita instead display a positive and strong correlation; but after 1980 correlation reversed. At the same time levels of life expectancy across countries converged, while inequality of GDP per capita firstly increased between 1870 and 1950 and then declined after 1950 (see Table 1 ). In 2008 the inequality in life expectancy appears very limited with respect to the one of GDP per capita.
Mortality and Income in the Long Run
As we will discuss in Section 3 this evidence supports the idea that western countries, starting from 1870, experienced a Mortality Revolution, similar to the celebrated Industrial Revolution, whose effects are still present today (see Easterlin, 2004) .
As regards the sample of 52 lower-middle-income countries, from 1950 to 2008 they display In the period 1870−1881 adult survival rate and GDP per capita show a negative correlation, which turned positive from 1920 − 1980, to finally become negligible in 2000 (see Fig. 3(a) and 
Mortality and Income in Poor Countries
Fig . 4 shows the positive, and first increasing and then decreasing correlation between life expectancy, adult survival rate and GDP per capita in a sample of low-income countries selected on the basis of their GDP per capita in 1950, which is below the minimum GDP per capita in 1870 of the sample of 17 western countries (see Table 4 ). However, as shown in Fig. 5 , within this sample some countries display a negative correlation between life expectancy, adult survival rate, and GDP per capita. The overall impression is that the dynamics of life expectancy and adult survival is independent of GDP per capita dynamics. 
Related Literature
Literature on the relationship between mortality and income is very wide and increasing all the time. As a line of exposition we choose to divide the analysis between the contributions which focus on the causes of mortality decline in western countries and those addressing the economic effects of changes in mortality. These two strands of literature are clearly interconnected, for example, in models where human capital accumulation produces a decline in mortality and this reduction, in turn, stimulates the accumulation of human capital.
What Caused Mortality Decline in Western Countries: Exogenous versus Endogenous Explanations
The sources of mortality decline have been extensively debated by historical demographers, historians of medicine and economic historians (see Schofield et al., 1991) .
The literature on the factors causing mortality decline can be grouped into two main strands:
one attributes a crucial role to income growth, and, by implication, to better nutrition; the other one emphasizes the role of public health and sanitary intervention.
The former is associated with the pioneering contribution of McKeown (1976) who attributed the principal cause of mortality decline in England from 1838 to the present day to the modern economic growth which, by increasing living standards, and particularly the nutritional level of the population, inevitably increased resistance of the population to infectious diseases.
According to McKeown's thesis Floud, Fogel, Harris and Hong argue "As we have already seen, those data suggested that the average height of the population and average levels of life expectancy rose between circa 1750 and 1820, followed by a period of stagnation or decline, and then further improvement from the 1850s onwards. These trends are broadly consistent with our new estimates of food availability (certainly for the periods 1750 1800 and 1850-1914), and help to reinforce the link between nutrition and mortality which McKeown could only infer when he attempted to account for the modern rise of population in the 1970s "(see Floud et al. (2011) , p. 162). However they also point out "However, one of the main themes of our argument has been to emphasize the synergistic nature of the relationship between nutrition and infection, and it would certainly not be correct to conclude that dietary change was the only reason for improvements in either height or life expectancy."(see Floud et al. (2011) , p.
162).
Robert Fogel while emphasizing the strict relationship between better nutrition and mortality reduction, finds evidence of a very limited or even opposing relationship between economic growth and improvement in nutritional status and health during the eighteenth and nineteenth centuries both in Europe and America 5 . In particular, Fogel points out that "The overall improvement in health and longevity during this period is less than might be expected from the rapid increases in per capita income indicated by national income accounts for most of the countries in question. More puzzling are the decades of sharp decline in height and life expectancy, some of which occurred during eras of undeniably vigorous economic growth."(see Fogel, 2004 p. 18 ).
The McKeown's view that improvements in nutrition are the main determinant of decreasing mortality has been widely criticized by many other scholars. As Easterlin (1996, p.81) asserts "Some economic historians have taken the trend in stature simply as indicating improved nutrition due to modern economic growth. But this confuses nutrition with nutritional status. Although stature is commonly taken as substantially influenced by nutritional status, nutritional status itself depends not only on nutrition (i.e., nutritional intake), but on the retention of nutrients. The retention of nutrients in turn depends especially on the incidence of disease among infants and children, particularly gastrointestinal disease. Thus, an improvement in health of infants and children-in particular, a reduced incidence of gastrointestinal diseasewould improve nutritional status and make for increased stature, even with nutritional intake unchanged. Hence, theory suggests that trends in stature may reflect changes in nutritional intake (connected with economic conditions), better retention of nutrients (due to the Mortality Revolution and associated improvement in health), or both.".
Again Livi Bacci (2007) asserts "This theory is countered by a number of considerations which make us look to other causes. In the first place, the link between nutrition and resistance to infection holds primarily in cases of severe malnutrition; and while these were frequent during periods of want, in normal years the diet of European populations seems to have been adequate.
Second the latter half of the eighteenth century and the first decades of the nineteenth, the period during which this mortality transition began, do not appear to have been such a fortunate epoch." (see Livi Bacci, 2007, p.71) . Moreover, Livi Bacci (2007) argues that the increase in 5 See also Deaton (2006, p. 111 ) "In Britain, the United States, and much of Europe, there were periods in the nineteenth century when urbanization ran ahead of the rate of public health provision and population health deteriorated during periods of rapid economic growth." longevity was caused principally by a reduction in youth and infant mortality which occurred "not because of better nutrition, but because of improved child-rearing methods and better protection from the surrounding environment."(see Livi Bacci, 2007 p.71) . In general Livi Bacci (2007, p. 118) writes: "The mortality decline which began in the second half of the eighteenth century is generally ascribed partly to exogenous factors including the reduced frequency of epidemic cycles and the disappearance of plague; partly the reduction of famine due to better economic organization; and to sociocultural practices which helped to reduce the spread of infectious diseases and improve survival, especially infants ".
With respect to the period 1900 -1960 , Preston (1975 finds that economic growth explains only 10 − 25 percent of the increase in life expectancy whereas the remaining 75 − 90 per cent of the growth in life expectancy is attributable to factors exogenous to countries' income. In particular, he emphasizes the crucial role of the widespread diffusion of medical innovation: "It seems to have been predominantly broad-gauged public health programmes of insect control, environmental sanitation, health education and maternal and child health services that transformed the mortality picture in less developed areas, while it was primarily specific vaccines, antibiotics and sulphonamides in more developed areas. But the technologies were not, for the most part, indigenously developed by countries in either group. Universal values assured that health breakthroughs in any country would spread rapidly to all others where the means for implementation existed. The importance of exogenous, largely imported, health technology in the now-developed countries may have been underestimated for earlier periods as well." (Preston, 1975, p. 243) . Preston (1980) shows that in the period 1940-1970 life expectancy in low-income countries increased even though income and average daily calories remained constant. Preston's conclusion finds an empirical support in Fig.2(a) , where our sample of western countries after 1980 GDP per capita appears not positively correlated with life expectancy.
According to Easterlin (2004, p.84 ) the rise in life expectancy principally depends on the emergence and increasing importance of medical and technological innovations: "Since 1870, life expectancy at birth in many areas of the world has soared from values around 40 years or less to 70 years or more. The reduction in mortality has been accompanied by an associated improvement in health as the incidence of contagious disease has dramatically lessened. This lengthening of life and associated reduction in morbidity brought about by the Mortality Revolution has meant at least as much for human welfare as the improvement in living levels due to modern economic growth. Certainly the Mortality Revolution has substantially affected a much wider segment of the world's population."
In particular, he identifies three major breakthroughs which led to mortality reduction: 1) new methods of preventing disease transmission, including clean water supply and education in personal hygiene; 2) new vaccines to prevent certain diseases which started in the 1890's; and 3) new drugs to cure infectious diseases (antimicrobials) which started in the late 1930's (see Easterlin, 2004, p. 104 and also Deaton, 2006, p. 110) .
Finally, the recent paper by Harris (2004) provides a balanced discussion on the empirical evidence of the relationship between mortality and income in England and Wales in the period 1750-1914.
The Economic Effects of Mortality Decline
From the second half of the 1990s an increasing literature developed focusing on the relationship between mortality and economic growth, but with mixed results. In particular, the argument whether the increase in longevity has a positive effect on economic growth has been the subject of lively discussion in recent years.
From the empirical point of view, in a recent article Acemoglu and Johnson (2007, p. 975) concludes: "There is no evidence that the increase in life expectancy led to faster growth of and ii) those that point to a negative or null effect.
Contributions that argue for a positive effect of longevity on growth identify at least three channels in which health improvements affect economic growth.
The first channel is labor productivity, i.e. healthier workers are both physically and mentally more efficient. In his 1994 seminal contributions Fogel asserts: "Changes in health, in the composition of diet, and in clothing and shelter can significantly affect the efficiency with which (Fogel, 1994, p.386) ". From another point of view Bar and Leukhina (2010) suggest that the increase in longevity positively affects total factor productivity improving the process of knowledge transmission across generations and encouraging innovation. Weil, 2007 claims that there is also an indirect way by which higher longevity, increasing labor productivity and therefore the marginal product of capital, positively affects income: higher incentives to physical capital accumulation.
The second channel is the investment in physical capital, that is improvements in health have a positive effect on savings because it creates the need to finance a longer period of retirement (see, e.g. , Kageyama, 2003 , Zhang et al., 2003 . Within this framework Lorentzen et al. (2008) highlight the key role of adult mortality (as opposed to child mortality).
The third channel is the accumulation of human capital. The argument, dating back to Ben-Porath (1967) , is that improvements in longevity promote human capital accumulation "because they increase the horizon over which benefits from investments in human capital can be enjoyed, therefore increasing the returns to education. This eventually raises educational attainment and increases the productivity of individuals in the labor market and in the household sector " (Soares, 2005, p.581) . In other words, higher longevity reduces the rate of depreciation of investment in education and increases its return (see, for example, De la Croix and Licandro, 1999, Boucekkine et al., 2002 , Boucekkine et al., 2003 , Cervellati and Sunde, 2005 , Lagerlof, 2003 , Weisdorf, 2004 .
The view that health improvements play a positive role on economic growth has been however countered by a strand of the literature that has emerged in recent years. A common theme in most of these papers is that while the increase in longevity, on the one hand, increases human capital and labor productivity, on the other, it may also boost population size. Thus, if the positive effects are not sufficiently high, and/or if there exist some fixed factors of production, mortality reduction can depress economic growth Johnson, 2007, 2014) . In Acemoglu and Johnson (2014, p.929)'s words "Increased life expectancy raises population, which initially reduces capital-to-labor and land-to-labor ratios, thus depressing income per capita.
This initial decline is later compensated by higher output as more people enter the labor force and as more capital is accumulated. This compensation can be complete and may even exceed stacles to improved health. Towns had always been characterized by higher mortality rates due mainly to greater population densities which facilitated infection and filth; and during the nineteenth century increased proportions of the population were living in these urban centers.
The poor living conditions of the age were probably one of the principal reasons why mortality ceased to improve during most of the central decades of the century". However, it is difficult to separate the negative impact on mortality of conditions of work from the increase in population density in urban city. Schofield et al. (1991, p.182) , for example write "The expectation is that specific occupational hazards would lead to higher mortality among the working population. It is difficult to separate this from the effects of urban environments. In an early study, Copenhagen and other towns in Denmark for the period 1865-1974, it was found that death rates for men aged 20 and over increased monotonically from the higher class (capitalists, professionals, wholesale, dealers, higher officers) to middle class (master mechanics, petty officers, teachers, clerks, small shopkeepers) to the poorest class (workmen, servants, almshouse inmates) ".
A final explanation of the negative effect of increasing adult survival on income is related to the decrease in accidental bequests, and therefore to the lower physical capital accumulation (see Zhang et al., 2003) .
The recent paper of Cervellati and Sunde (2011) finds support to the idea that the effect of mortality on income is ambiguous; in particular, they find that the increase in longevity has a negative effect before the demographic transition (not necessarily related to the level of income), and a strong and positive effect in post-transition countries.
A Theoretical Model
In this section we briefly introduce a theoretical model capable of capturing most of the features related to the relationship between mortality and income present in literature; we refer to Fiaschi and Fioroni (2014) for more details.
The model is inspired by Galor and Moav (2004) . Consider an economy populated by overlapping generations of people who potentially live for two periods: childhood and adulthood.
Though certain to live through childhood, they are subject to the risk of dying during adulthood. Let the expected length of adulthood in period t be denoted by p t ∈ (0, 1) and the total number of adults at the beginning of period t by L t . Hence the actual aggregate labour supply in period t is equal to p t L t .
Production
In every period, the economy produces a single material good, whose price is normalized to 1. Production may take place using two different technologies: a traditional technology that employs unskilled labour and land, and an industrial technology that employs physical capital and skilled labour. While the traditional technology is always operating, the industrial technology, as we shall see below, will become available once technology has sufficiently progressed (for production we follow Aghion and Howitt, 2009 ).
The traditional production function is given by:
where λ ∈ (0, 1), A a is a productivity parameter, pL a t is the actual amount of unskilled labour employed in the traditional sector in period t and T is the quantity of land. The industrial production function is given by:
where α ∈ (0, 1), A > 0 is a technological parameter, and p t h t L m is the actual amount of skilled labour employed in the industrial sector given by the individual level of human capital and the actual workforce p t L m t . As discussed below, human capital increases with the resources invested in education, and when these resources are zero h t (0) = 1. Hence the industrial sector employs unskilled labour.
Instead, when production is conducted using only traditional technology the wage rate is given by:
When industrial technology is operating, the rate of return to capital r t and the wage rate per efficiency unit of labour w m t are given by:
, and
In the early stages of development production is conducted using traditional technology while industrial technology is latent since no physical or human capital have yet been accumulated.
The economy will start employing industrial technology together with traditional technology when income is sufficiently high. As discussed below, improvements in technological progress and adult survival will lead parents to leave a positive transfer to their children first in the form of investments in physical capital and subsequently in both physical and human capital; this, in turn, will activate industrial technology.
Total output is therefore given by:
As workers are assumed to be perfectly mobile between the two sectors, wages are equalized across the sectors in every period, i.e. w a t = w m t h t ∀t. This implies that employment in the traditional sector is chosen in order to maximize profits. The amount of labor employed in the industrial sector is therefore:
Assuming, for the sake of simplicity that:
and that productivity in the traditional sector has the same trend as productivity in the industrial sector, that is 6 :
Consumption and Total Transfer
with φ < 1, the aggregate production is given by 7 :
whereT ≡ φ 1/α T .
The actual income per worker in period t is therefore given by:
where
From Eq. (12) income per worker can be written as follows:
where 1/l a t is a proxy for the accumulation of physical and human capital.
In childhood individuals acquire education and make no decisions; in adulthood individuals work, have n t children, and can save in order to accumulate wealth for their offspring, and invest in their education.
To analyse adults' behaviour it is useful to conceptualise adulthood (of length p t ) as divided into small time increments (for example years or months). At each time increment individuals (born in period t−1) allocate their income between consumption c t , a transfer to their offspring b t and raising children (note from Eq. (14) that parents' income y t is already expressed in terms of p t ):
7 From the condition w
with λ = α, it yields:
Thus from Eq. (9) it follows that the labour share in the traditional sector is given by:
with ∂l a t /∂h t < 0, ∂l a t /∂k t < 0 and ∂l a t /∂T > 0.
where p t c t is the actual consumption during adulthood per individual, p t b t is the actual transfer which each parent gives to their children during their life and δ is the opportunity cost of raising children, that is the fraction of parents time required to raise each child (see Galor, 2005) The transfer p t b t , in turn, is allocated between actual spending on children's education p t e t , and actual saving p t s t for the future wealth of children:
The investment in education is devoted to increasing children's human capital. In particular, each child with a total parental investment in education p t e t receives an amount ofē t ≡ p t e t /n t and acquires: Individual preferences are defined for a consumption above a subsistence level c min > 0, the transfer to their children b t and the total number of children who survive to adulthood n t .
Easterlin (2004) and Galor (2005) show that the main variable for fertility choice is the number of children surviving to adulthood. The expected utility function of altruistic individuals born in period t − 1 is therefore:
where θ > 0 implies that children receive a positive transfer only when the parents' income is sufficiently high (see Eq. (24) below).
The optimal problem of parents is therefore:
8 Following Rosen (1988) we assume that the expected utility in the second period is given by the utility of the state "life", which is given by the utility from consumption and the transfer to the children, and the utility of the state "death"which is given by M . In the analysis, M , without loss of generality, is assumed to be equal to zero:
4.2 Consumption and Total Transfer subject to:
c t ≥ c min ; and
Assumption 1 In order to ensure that for low levels of income optimal consumption is increasing with income per worker, while optimal bequest is zero (i.e. y min < y cap , see Eqs. (26) and (28) below) we assume that:
The optimal levels of consumption, transfer and number of surviving children are given by:
and:
where:
and: Fertility is increasing with income in the first range and reaches its maximum level in the range y t ∈ (y sub , y cap ], and then declines (see Fig. 6 ). The quality-quantity trade-off for children discussed in Becker et al. (1990) starts operating at the moment parents leave a positive transfer to children.
For very low levels of income per worker, i.e. y t < y sub , consumption is at its subsistence level, the optimal transfer is zero, while the optimal number of children increases with respect to y t (see Fig. 6 ): thus the economy is a Malthusian regime. In a Malthusian regime any increase in income per worker (due to improvement in technological progress and/or adult survival) results in a surge of population, which, in presence of diminishing returns to labour, leads to a subsequent fall in income per worker; y t is therefore doomed to stagnate just above its minimum level in the long run. Simple calculations show that in the range y t ∈ (y min , y sub ] there exists a unique stable equilibrium level of y t for which the population growth is zero (i.e. n t = 1), that is:
to which the equilibrium level of the observed adult population corresponds 10 :
When y t rises (due to strong increases in technological progress and mortality reductions) above the level y sub , this allows parents to escape from subsistence consumption and the fertility 10 Eq. (30) follows from:
4 A THEORETICAL MODEL 4.3 Adult Survival and the Optimal Choices rate becomes constant. However, the economy is still in the Malthusian regime since parents do not have a sufficient level of income to leave a positive transfer to their children.
If y t continues to increase, the constancy of the fertility rate ensures that at a certain period y t > y cap : the economy moves into the pre-modern regime, where parents start devoting a fraction of income for the wealth of their children and the relationship between income and population growth becomes negative (the quantity-quality trade-off starts operating).
Adult Survival and the Optimal Choices
Eq. (25) shows that fertility has a non-linear relationship with adult survival; first increasing and then decreasing. In particular, when income per worker is very low, such that consumption is around its subsistence level, fertility decreases with adult survival. The increase in adult survival, indeed, raises the total amount of resources needed to maintain consumption at subsistence level. In other words, at the subsistence level of consumption, the increase in adult survival raises population beyond "the capacity sustainable by the available resources and thus it was reduced by the preventive check" (Galor, 2011, p.67 ).
On the contrary, when income is sufficiently high, i.e. y t > y cap , fertility increases with adult
survival. An increase in adult survival, indeed, at high level of income results in an increase in the number of children through a positive income effect (see Cervellati and Sunde, 2014) . In other words the increase in adult survival at a high level of income has two opposing effect: a direct positive effect and an indirect negative effect through the increase in income. However since the elasticity of income with respect to adult survival is lower than 1, then the increase in adult survival leads to an increase in fertility. 11 Intuitively, an increase in adult survival increases the time available for the parent and thereby positively affects the number of births.
As shown in Eq.(23), a rise in adult survival in period t, when income is above subsistence level, increases actual consumption in adulthood, i.e. ∂p t c t /∂p t = (1 − β)(∂y t /∂p t + θ) > 0.
By contrast, the actual transfer pb t has an inverted U-shaped relationship with respect to adult survival. The decline in adult mortality 1 − p t has in fact two opposing effects on transfer: on the one hand, higher longevity increases parents' consumption, thus reducing the overall transfer to their offspring; on the other, parents with a longer working life, experience 11 In particular:
p t b t p t p 1 Figure 7 : Actual transfer versus adult survival rate an increase in their income, thus raising the transfer to their offspring. When the initial level of income is sufficiently high, the latter effect always prevails, whereas at low levels of income the opposite is true. In particular, from Eq. (14) there exists a threshold level of adult survival rate denoted byp, such that for p t < (>)p the rise in adult survival rate positively (negatively) affects the total transfer to the offspring (see Fig. 7 ):
This threshold increases with the level of development of the country, i.e. with respect to A t , h t and k t . On the other hand, it decreases with respect to the size of the workforce L t .
Accumulation of Physical and Human Capital
The transfer is allocated between saving, i.e. accumulation of physical capital, and education, i.e. accumulation of human capital (see Eq. (17)). However, the economy begins to accumulate physical capital only when parents are sufficiently rich (i.e. y t > y cap , see Eq. (24)) to leave a positive transfer to their offspring; and to accumulate human capital for a still higher level of income (i.e. y t > y edu , see Eq. (40) below).
The total physical capital stock in period t + 1 is given by the aggregate saving in period t:
Given the fertility rate n t , adult population L t evolves according to:
The capital/labour ratio is therefore equal to:
whereb t ≡ p t b t /n t is the actual transfer per child, andē t ≡ p t e t /n t is the actual investment in education per child. In particular:b
Parents choose the amount to invest in their children's education in order to maximise the future income of their offspring i.e. y t+1 . In the early stages of development, when productivity in the industrial sector is relatively low with respect to productivity in the traditional sector, individuals do not have the incentive to invest in the human capital of their children. However, improvements in technological progress, the accumulation of physical capital and raising the efficiency of industrial technology, will all lead to a positive demand for human capital. From
Eqs. (14) and (18) it follows that:
where k t+1 is given by Eq. (36). Eq. (24) shows that the optimal level of education is positive only if income is sufficiently high, i.e.:
where y edu is the solution of the following implicit function:
and:b
From Eqs. (36) and (39) the capital-labour ratio in period t + 1 is given by:
4.5 The Stages of Development 4 A THEORETICAL MODEL
The Stages of Development
Eqs. (24), (39) and (42) allow us to characterise the dynamic of income per worker in period t + 1 as follows:
The three ranges of y t correspond to i) the Malthusian regime, where y t ∈ (y min , y cap ) and production is conducted using traditional technology; ii) the pre-modern regime where y t ∈ (y cap , y edu ) and output is the result of using physical capital and unskilled labour; and iii) the modern regime where y t > y edu and both physical and human capital are jointly used in production.
Assumption 2 Assume that y t ≥ p t c min ∀t, that is A > A min , where:
As A increases the economy will pass through all three regimes. The following Proposition states the conditions under which we observe one or more than one equilibrium in the three regimes.
Proposition 1
Suppose that the level of technological progress and adult survival are constant over time, i.e. A t+1 = A t = A and p t+1 = p t = p, under Assumptions 1 and 2 and
, then there exists at least one stable equilibrium in the Malthusian regime, where A min is defined in Eq. (44) and:
• If A ∈ [A tra , A pre-mod ], then there exists at least one stable equilibrium in the pre-modern regime:
• Finally, if A > A pre-mod , then there exists at least one stable equilibrium in the modern regime.
Proof. See Appendix in Fiaschi and Fioroni (2014) .
The transition from the Malthusian to the pre-modern regime is driven by an increase in traditional production, which makes a positive transfer to offspring possible, the source of accumulation of physical capital. Instead, the transition from the pre-modern to the modern regime is driven by the higher accumulation of physical capital generated by an increase in productivity in the modern sector. This accumulation, in turn, increases the return on the investment in human capital, and, therefore, incentivizes this type of investment. Once the accumulation of human capital starts, a self-reinforcing mechanism operates to further increase the income per worker. Decreasing returns in the accumulation of human capital (i.e. γ < 1)
limit, in our model, the possibility of positive long-run growth (see Robert E. Lucas, 2004) .
A Quantitative Exploration of the Model
In this section we explore the properties of the model by numerical simulations. Our theoretical premise is that the causes of technological progress and adult mortality are exogenous to the economic sphere (see Fiaschi and Fioroni (2014) for more details) 12 . Physical and human capital, fertility, population, income, and consumption are instead our key endogenous variables.
In all the simulations we use the parameters calibrated for the UK economy for the period in 1541 − 1914 as discussed in Fiaschi and Fioroni (2014) , and the initial population and fertility rate are always both set equal to 1, i.e. L 0 = 1 and n 0 = 1 if not differently stated.
First we will discuss how the combination of technological progress and adult survival in an economy determines which regime this economy will belong to over time. Then we will analyze how continuous changes in technological progress and adult survival move an economy through the different regimes.
12 It would possible to extend the model to some plausible cases of endogeneity of technological progress and mortality; for example, Cervellati and Sunde (2014) link human capital accumulation to the decline in mortality.
However, this feedback from income (human capital) to mortality would make the mechanics linking mortality to income less clear. After 901 years the pre-modern regime disappears and the economy appears to converge to its long-run equilibrium (maps after 3001 and 6001 are substantially the same of the one after 901). In particular, combinations of (A, p) with low level of p initially in the pre-modern regime are included in the modern regime over time; by contrast, combinations with high level of p are trapped in the Malthusian regime. The key mechanism at work here is the population size, which is strongly checked at low level of p. Simulations also highlight the very long time scale of the phenomena we are considering: more than 900 years are needed to converge to equilibrium. In this view 151 years should be considered the short run, while a minimum of 901 years are needed to arrive at the long run. Under the set of parameters used in the simulations in the long run the higher incentives to accumulate human and physical capital determined by mortality declines cannot overwhelm the negative check on income imposed by the increase in population size; in this respect our calibrated version of the model fully agrees with Johnson (2007, 2014) 's empirical findings on the existence of a negative or null effect of the improvements in health conditions on the income of countries. Of course, this conclusion heavily depends on the lack of any causal link between human capital accumulation and mortality decline and advances in technological progress.
Simulation of Regimes
In the short run (i.e. 151 years in our time scale) it is possible to observe for a very limited (and not very plausible) combination of (A, p) (A around 2.5 and p around 0 in Fig. 8 ) a positive effect of a decline in mortality, i.e. a transition from the pre-modern to the modern regime.
Since this transition is also associated with an ongoing demographic transition, i.e. a decline in fertility rate, this result is compatible with Cervellati and Sunde (2011)'s empirical finding of an asymmetry of the effect of mortality declines on income depending on the demographic regime of country. However, our theoretical model suggests that in the long run this positive such that the economy is in the modern, pre-modern and Malthusian regimes after t years respectively. The light-blue area indicates the couples of (p, A) such that y t < y min .
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effect could disappear if not associated with an increase in technological progress.
The Role of the Mortality Rate in the Transition between Regimes
As shown in Section 2 technological progress and adult survival rate has experienced dramatic advances in the last 300 years in the most of countries. In the theoretical model these ongoing dynamics of (A, p) cause continuous changes in physical and human capital, fertility, and overall population size, which make a general analysis of regime transition very complex. In this respect, we limit our study to four trajectories of (A, p), reported in Fig. 9 , with a time span of 301 years. Point J in Fig. 9 represents an economy with an initially low level of technological progress and a middle level of adult survival rate. The trajectory starting from point J (the green line) considers simultaneous improvements in technological progress and adult survival rate, but with an overall prevalence of the advances of the technological progress with respect to the ones in the adult survival rate. Fig. 10(a) reports the time path of income per worker, physical capital, human capital, consumption, fertility rate and workforce related to trajectory J, and the green, red and blue shadow areas indicate when the economy is in a Malthusian, premodern and modern regime respectively. Along trajectory J the economy transits through all 13 In all the above simulations we set L 0 = 0.5 and n 0 = 1. We changed the initial level of population in order to make the results of the simulations clearer. three regimes; accordingly, the income per worker is increasing at an exponential rate, reflecting the growth of technological progress and the increments in adult survival rate. Intergenerational transfers are also increasing, causing an exponential growth of the investments in physical and human capital. The fertility rate starts declining in the period where the economy transits from
Malthusian to pre-modern regime and is converging to 1; population size is therefore doomed to stabilize in the long run. Trajectory J seems to match the key features of the development path followed by most western countries in the last 300 years (see Section 2)
Consider now an economy starting from point W in Fig. 9 , very similar in its initial condition to the economy of point J. With respect to trajectory J, trajectory W has the same increments in adult survival rate but a limited overall increments in technological progress. In a first phase the joint improvements of A and p push the economy from the Malthusian to the pre-modern regime (see Fig. 10(b) ), causing therefore a growth in income per worker and a decline in the fertility rate. The overall dynamics would suggest that this economy is doomed to transit to modern regime and therefore goes through a modern economic growth in the long run. However, the limited improvements in technological progress only partially compensate the negative pressure on income per worker deriving from the strong surge in population size.
Fertility rate, indeed, as result of raising adult survival rate, starts increasing, in the premodern regime (see Eq. (25)). Over time, the pressure of population size on economy prevails on technological progress, and the economy moves back to the Malthusian regime, where the effect of the improvements in the adult survival rate on fertility rate becomes negative (see again Eq. (25)). The impression is therefore of a sort of "false" take-off (see Section 2.
3)
The trajectory starting from point Z in Fig. 9 considers the limiting case of an economy starting in a pre-modern regime which only undergoes advances in adult survival. Fig. 10(c) highlights the negative effects of an upward trend in adult mortality rates without any technological progress: the economy is pushed from the pre-modern regime into a Malthusian regime where the increasing population size negatively affects income per worker, which declines over time converging to a Malthusian level.
Finally, the trajectory starting from point X in Fig. 9 considers a scenario in which a dramatic fall in the adult survival rate, caused for example by an epidemic such as the Black Death, moves an economy away from a Malthusian regime to a pre-modern regime. However, as the adult survival rate undertakes the recovery to its initial level, the economy starts slipping toward a Malthusian regime via a burst in population size. Along trajectory X just after the shock, income per worker displays a positive trend, to then stabilize after 100 years. However, as population size reaches a critical level the economy transits to a Malthusian regime after 150
years. In such a regime the rise of the adult survival rate leads to a strong reduction in the capital, fertility rate, workforce for the four trajectories of A and p reported in Fig. 9 . The green, red and blue bars indicate respectively the Malthusian, pre-modern and modern regimes.
